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Introduction 


Forest  Products  Laboratory  Report  No.  1871  (1)— presents  two  mathematical  analyses 
of  the  torsion  of  rectangular  sandwich  plates  In  one  analysis  the  Saint  Venant  theory  is 
used,  although  it  does  not  satisfy  the  detail  boundary  conditions  in  regard  to  the  applied 
load.  In  the  other,  a  more  rigorous  treatment  is  used  that  satisfies  all  boundary  condi¬ 
tions.  In  Report  No.  1874  ( l)  the  derivation  of  a  system  of  suitable  differential  stress 
strain  relations  is  carried  out  by  means  of  tne  variational  theorem  of  complementary 
energy  in  conjunction  with  Lagrangian  multipliers.  A  system  of  differential  equations 
was  obtained.  These  equations  fwhich  can  be  applied  to  bending  or  twisting  of  sanlwich 
panels)  are  then  applied  to  the  torsion  of  sandwich  panels  of  trapezoidal,  triangu  -i  , 
and  rectangular  cross  sections  by  as.ng  tne  h*int  Vtnant  torsion  in  their  solutions.  The 
formula  for  the  torsional  stiffness  of  a  sandwich  pa  el  of  rectangular  cross  sec. ion  so 
obtained  frees  wlih  the  infinite  series  solution  given  in  the  Report  No.  1871  (1_). 

The  purposes  of  the  present  report  are  as  follows 

(1)  To  obtain  from  the  differential  stress  strain  relations  and  equations  of  equilibrium 
derived  in  the  Report  No.  1874  (2)  a  six  order  partial  differential  equation,  correspond¬ 
ing  to  the  role  of  the  equation  V*w  *  ^  in  the  thin  solid  plate  theory  (3),  that  governs 

J.This  progress  report  is  one  of  a  series  (ANC-23,  Item  57-4)  prepared  and  distributed 
by  the  Forest  Products  Laboratory  under  U.S.  Navy,  Bureau  of  Aeronautics  Order 
No.  NAer  01967  and  U.S.  Air  Force  Contract  No.  DO  33(616)58-1.  Results  reported 
here  are  preliminary  and  may  be  revised  as  additional  data  become  available. 

£m  aintained  at  Madison,  Wis.  ,  in  cooperation  with  the  University  of  Wisconsin. 

^Underlined  numbers  in  parentheses  refer  to  Literature  Cited  at  the  end  of  the  text. 
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the  small  deflection  of  sandwich  panels  under  bending  or  twisting.  The  problem  of 
bending  or  twisting  of  sandwich  panels  thus  reduced  to  the  integration  of  this  governing 
differential  equation  of  deflection. 

(2)  By  applying  the  governing  differential  equation  and  equations  for  stresses  to  solve 
the  problem  presented  in  Report  No.  1871  (1)  that  is  the  torsion  of  rectangular  sand¬ 
wich  panel  having  the  torque  applied  by  forces  concentrated  at  the  corners  of  the  panel. 
The  result  which  satisfies  all  boundary  conditions  shows  that  the  expressions  of  homo¬ 
geneous  solution  remain  essentially  the  same  and  the  series  of  particular  solution 
converge  more  rapidly  than  those  of  the  rigorous  treatment  presented  in  Report  No. 
1871  (1). 

Notation 


x,  y,  z 
a,  b 
h 
t 


E,  v 
G 


G  •  G 
x»*  y* 


D 


y 


D 


I>1 


rectangular  coordinates  (fig.  1). 
half  length  and  width  of  sandwich, 
half  thickness  of  core, 
thickness  of  facings. 

Young' s  modulus  of  elasticity  and  Poisson1  s  ratio  of  the  facings. 

E 

- ,  shear  modulus  of  the  facings. 

2  (1  ♦  v) 

shear  moduli!  of  the  core. 

deflection  of  the  panel  in  the  z  direction,  La^rangian  multiplier. 

Lagrangian  multipliers. 

stresses  in  facings. 

stresses  in  core. 

load  per  unit  area. 


Gth(l  ♦  _L)2 


2h 


Gth(l  ♦  _L)2 

2h 

1 


4GthZ  (1  ♦  — ) 2 
2n 

(1  -  v)Dk  ♦  2Dy 
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D  2 

2DX  +  (1  -  w)Dy 

°rn 

(2m  4-1)  sr 

2a 

0n 

(2n  4-1)  w 

2b  1 

Dx  Dx  2 

(=r  *  — 2 ) 

^y  sm 

Ym 

D  D  y 

&n 

Dx  ft,2 

P 

resultant  force  applied  at  a  corner. 

P1 

4P 

ab 

c 

G 

XI 

^m»  ®hn  •  Cm,  Dm 
^n*  ®n*  pn* 

Hn*  L.n 

parameters. 

T 

applied  torque. 

e 

angle  of  twist  per  unit  length  in  radians 

Derivation  of  Differential  Equations  for  Deflection  and  Stresses 

By  setting  a  =  0,  equations  (6),  (7),  (8),  (10),  (11),  (12),  (13),  and  (14)  of  Report  No. 
1874  (2)  are  reduced  respectively  to  the  following  equations: 


TXI  = 

t(l 

♦  —  )(^i 
8x 

*r> 

»y 

(i) 

Tyr  = 

t(l 

t  8ev 

*  ih)(  V 

8t 

4  eT^ 

(2) 

8tx» 

X  - 

8Ty*  .  j>_ 

(3) 

dx 

8y  2h 

'x  * 

JL  , 

M) 

hE(l  ♦  — ) 
Zh 
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GyZ^l  “  v)  ®2Tyx  ®^fyi  Gy t,  ®^Txi 

- —  Tyr  =  2 -  +  (1  -  v)  -  +  (l  +  V) - 

Gth(l  +  A)2  dy2  8x2  Gxz  By Bx 

Zh 

-  2GVZ  A  V2w 
y  »y 


where  i*  the  Laplacian  operator. 

Differentiating  equation  (13)  with  respect  to  x  and  using  equation  (3),  we  obtain 

(i  +  v  -  2  -  (i  -  v)  ^5  ^*3.  +  .Gyg(1  " 8J,y«  =  ZC  lLvZ w 

Gxz  8x28y  Gxz  8y3  Gth(l  +  A  )2  8y  y*  8x2 

2h 

G  82p  (1  -  v)  82p  GyZ(l  -  v) 

+  - *— [  - -  + - ] - 1 -  p  (] 

Gxzh  8x2  2  8y2  2Gth2(l  +  A)2 

2h 

Substituting  for  ^T*g  its  expression  (3)  in  equation  (14)  gives 

8x 


G v*  82tv-  8^ tv*  Gvz  (1  -  v)  a 

2  -  (1  ♦  v)  -AL] - y?  4  (1  .  - y  .~  A.  TVZ  =  2GVZ  A  V 

Gxz  8y2  8x2  Gth(l  ♦  *  )2  y*  y*  8y 


ys  Gyz  ^  ~  8 


Gy*(l  *  v)  8j> 

2Gxvh  By 


Differentiating  equation  fl6)  twice  with  respect  to  x  and  equation  (15)  once  with  respect 
to  then  subtracting  one  from  the  other,  we  obtain  the  following  differential  equation 
for  the  shearing  stress  TyZ. 

Dx  tjLll  ♦  (Dx  ♦  Dy)  JLlZl  ♦  Dy  i-lL*  -  DXDV  V2tvz  .  ^  i.  (Dxp  -  V2p) 


8x28y  2 


x~y  '  Tyz 


2h  By 


where 


Gth(l  ♦  A)2 
2h 


Gth(  1  ♦  A)2 
2h 


Equation  (17)  can  also  be  written  as 


DxV«Tyz  •  (Dx  -  Dy)  li  V2ryz  -  DxDyV2TyZ  «  E*  A( Dxp  -  v2p) 


2h  8y 


Differentiating  equation  (16)  with  respect  to  £  and  adding  equation  (16),  gives 
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4hD(Dx  -  Dy)±  V2ryz  =  DxDyV4w  ♦  DDy[2V2p  -  (1  -  v)DxP] 


09) 


where 


D  = 


4Gth2(l  +  *  )2 
Zn 

Differentiating  equation  (18)  with  respect  to  y  and  applying  equation  (19).  we  obtain 

V6w  -  (1  -  ^X.)  £-1  V4w  -  DvV4w  =  D[-  —  V4p  +  (1  -  v  +  2  ^I)V2p  + 

Dx  0y2  y  Dx  Dx 

(l+v)(l  -^)|i  -  (1  -  v)  DyP] 

DX  ®  7 


(20) 


In  the  same  manner  as  the  derivation  of  equation  (18),  (19),  and  (20),  or  by  considering 
the  condition  of  symmetry,  we  obtain 


DyV\z  •  (Dy  •  DX1  V*rXI  .  DxDyv\t  --  ^  *-(Dyp  .V2P) 


•y  *«  "'y  -  -*■£7  •  «  -'"1  x«  -  jh  sx  '  y' 

4hD'Dy  -  Dx)  JL  *Zrxz  a  DxDyV4w  +  DDx[2V2p  -  (1  -  v)DyPJ 


76w  -  (1  -  _£)  V4w  -  D  V 4w  =  D[-lL  V4p  +  (1  -  w  +  2^5.)  V2p 
Dy  a?  x  Dy  Dy 

Dx  8“p 

(1  +  w)  (1  *  (i  -  w)DxPJ 

Jy  8xd 


(21) 

(22) 


(23) 


Subtracting  equation  (23)  from  equation  (20),  gives 


(DxDy  -  Dx  -li  -  Dy  -iy)  V4w  =  D[2V4p  -  Dj  -  D2  iff  +  (1  -  v)DxDyp] 
dxc 


By1 


whe  re 


D,  «  (1  -  v)  D  ♦  2D. 


0x2  “  0y2 

D2  «  2DX  +  (1  -  w)Dy 


(24) 


It  ia  seen  that  the  problem  of  bending  of  rectangular  sandwich  panel  by  a  lateral  load 
|  reduces  to  the  integration  of  equation  (24)  The  shearing  stresses  Tyt  and  tx*  can 
now  be  determined  from  equation  (19)  or  (21)  and  equation  (3).  “ 

Once  w,  ryx  and  rxZ  are  obtained,  the  remaining  five  quantities  0,  t,  ex*  and  e y 

can  be  readily  found  from  equations  (7),  (8),  (6),  9),  and  (10)  by  differentiation.  It 
is  of  interest  to  note  that  equation  (24)  reduces  to  the  differential  equation  of  the  sand* 
wich  plate  given  by  Reissner  as  equation  (70)  in  reference  (4)  if  Gxz  is  assumed  to  be 

equal  to  GyZ  .  When  Gx*  *  Gv*  *  «  equation  (24)  reverts  to  the  known  form  of  this  equa • 
tion  for  the  homogeneous  plate 


6- 
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Torsion  of  Sandwich  Panel  of  Rectangular  Croii 
Section  having  the  Torque  Applied  by  Farc»i 
Concentrated  at  the  Corner*  of  the  Panel  (fig.  1) 


The  Loading 

For  the  purpoae  of  integrating  equation  (24)  for  the  deflection  of  a  rectangular  aandwich 
panel  by  the  loading  shown  in  figure  1  we  express  the  load  intensity  p  in  the  form  of  a 
double  trigonometric  series: 


P 


m*o 


y  Vn 

n>o 


.i ,(<m  ♦  .*>” 

2a 


tto(2nj_l)s, 

2b 


(») 


To  calculate  any  particular  coefficient  Am>  n»  of  this  series  for  a  given  loa^  distribu¬ 
tion,  that  is,  for  a  given  j>,  we  multiply  both  sides  of  equation  (a)  by  sini-^ — ^Jl-dy 

and  integrate  from  0  to  b.  Observing  that 


sin&j-t.  to  sin(2n'.  -4.  to  dy  -  0 
2b  2b 


when  n  4  n' 


Jb  sin(2».  4-U.?y  sini^SLlilSL  dy  -  b  when  n  «  n' 

-b  2b  2b 


we  find  in  this  way 

/b  p  slr/-.n.'. — t  to-  dy  -  b^  Amn.  sin i2™— t  li.”  (b) 

-b  2b  m«o  2a 

Multiplying  both  sides  of  equation  (b)  by  sin(2?*  ■■  *  wx  dx  and  integrating  from  0 
to  a,  we  obtain  2a 


f*  fhp  sin(2m'  ♦  Ihl  .in&LJLJln-  dxdy  «  abAm. 
•a  -b  24  2b 


from  which 
*m'  n' 


_1_ 

ab 


fb 

J  p 

-b  2a 


(c) 


In  the  case  of  the  four  concentrated  loads  applied  as  shown  in  figure  1  equation  (c) 
is  integrated  over  four  very  small  areas  ai  the  corners  of  the  panel.  Equation  (c)  be¬ 
comes 
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Am'  n' 


4  .  (2m1  +  l)ir 

=  — —  a  ini - — £ — 

ab 


nn 


(2n' 


r 

a-6 


/ 

b-6 


pd  d 
K  *  y 


where  6^  can  be  made  as  small  as  desired.  It  is  evident  that  the  value  of  the  double  in¬ 
tegral  is  equal  to  the  concentrated  load  P  or 


4P  (2m  +  l)ir  .  (2n  +  l)w  4P,  ,.m+n 
Amn  =  “b  8in' - ; — L -  - T-2—  =  —  H) 


ab 


Hence  we  find 
4P 


00  00 


p  s  if  T.  T.  (-1)m+n8in  amx  8in 


ab 


m=o  n=o 


where 


(2m  +  l)w 
“na  -1 - T*- 


n  Un  4  l)w 
n"  2b 


(25) 


The  Particular  Solution 


For  the  loading  shown  in  figure  1  the  deflection  w  is  an  odd  function  of  x  and  With 
this  restriction  we  take  the  following  expression  as  the  particular  solution  for  deflec¬ 
tion 

oo  oo 

w  =  21  21  wmn  <*tnX  sin  ^ y  (26) 

m*o  n=o 


in  which  the  constant  wmn  must  be  chosen  so  as  to  satisfy  equation  (24)  Substituting 
expression  (26)  and  (2d)  into  equation  (24),  we  find 


wmn 


DPl  ( -l)m+n[2,am^  +  0n2)2  4  Dl®m^  +  D£0n2  +  (1  -  v)DxDy] 
M®m2  4  $n2)2  (Dx°m2  4  Dy0n2  4  DxDy) 


(27) 


where 

P1  =  7b 

Taking  the  particular  solution  of  equation  (18)  for  TyZ  which  must  be  an  odd  function  of 
x  and  an  even  function  of  £  as 


T  oo  oo 

-II  x  21  X.  Amn  Pn  h  8in  °mx  cos  &n  Y 
Gy*  m«o  n*o 

and  substituting  this  expression  with  equation  (25)  into  equation  (18),  we  obtain 
2DPj  (-l)m+n  (;  n2  4  0n2  4  Dx) 


(28) 


*mn 


h  (On*2  4  0n2)  (Dxom2  ♦  Dyfln2  +  DxDy 


(29) 


Using  equations  (26),  (27),  (28),  and  (29)  the  remaining  six  particular  solutions  of  t-., 
£,  t,  »x.  and  can  readily  be  obtained  from  equations  (3),  (7),  (8),  (6),  (9),  and  (10) 
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It  is  seen  mat  the  above  series  converge  more  rapidly  than  those  given  in  the  Report  No. 
1871  (1}. 


The  Homogeneous  Solutions 

In  order  that  all  the  boundary  conditions  can  be  satisfied  solutions  other  than  the  partic¬ 
ular  solution  must  be  found.  This  is  accomplished  by  setting  the  left  side  of  equation 
(24)  equal  to  zero,  (p  =  0).  A  suitable  general  integral  of  this  equation  io 


Cm  *inh  omy  +  Dmomy  cosh  omy  Km  ainh  ymermy 

w  *  h  ^  [ -  +  ■  ■■  —  J  sin  a  x 

mso  cosh  a^b  YmCOBhYm«n£ 


+  h 


Z  I 


n -o 


Fn  linh  0nx  +  H„0nx  cosh  0nx 

cosh  fl  a 
n 


Ln8inh^0n*  , 

+  - J  »i*»  3ny 

6n  cosh  6n0n a 


where 


(36) 


(37) 


and  Cm.  Dm»  Km,  Fn ,  Hn,  and  Lnare  arbitrary  constants  to  be  determined  later  from 
the  boundary  conditions.  The  expression  (36)  is  considered  the  homogeneous  solution 
of  w  because  it  does  not  contribute  to  the  loading. 


It  is  noticed  here  that  the  expressions  (36)  and  (37)  are  similar  to  those  found  in  the 
previous  Report  No.  1871  (1). 

In  view  of  the  equations  (36)  and  (16)  the  homogeneous  solution  of  equation  (18)  for  Tyt  is: 


«m|A  C°*h  V  ♦  a.  C°’h 


Ty»  , 

^  “m«"m 

G„_  mso  cosh  a _ b 

7* 


coshYmfl,m  6 
■  m  ■  m  m 


®  »inh  frnx 

J  sin  o^x  +  h  >  7*n(An 


sinh  6_0_x 


♦  B_ -  -  1  cos  0_y 

“cosh  6_0_a  PnY 


cosh  ^a 
(38) 


Substituting  equation  (38)  and  (36)  into  equation  (16)  and  using  equations  (37),  we  obtain 


A 


m 


_ ^m _ 

2  -  c[(l  -  v)  ym2  ♦  I  ♦  vj 


(39) 


B 


m 


(VmZ  -  1)  Km 
Ym  -  c> 


^n 


_ _ 

((I  -  v)  6n2  -  2c  ♦  1  ♦  v  J 


(40) 


(41) 
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(42) 


Bn  ■ 


*  “  0 
6n  (1  *  c) 


By  using  the  expressions  (36)  and  (38)  we  obtain  the  remaining  six  homogeneous  solutions 
of  TXa*  3.  Y*  L*  v x*  and  by  means  of  equations  (3),  (7),  (8),  (6),  (9),  and  (10). 


The  Complete  Solution 

From  the  foregoing  analysis  the  complete  solutions  may  be  written  as  follows: 


*  DP,  rf-  Tf(-l)mtn[2(am2*3n2)*Dl»mitD20nit(l-v)DxDy) 

T  '  t~  2.  2. - - - — - - - - - .in  om».to  un, 


m=o  n=o 


2 
i 

Z\Z 


*  V»  *  D.ty 


“  Cm  ainh  nmy  ♦  Dmn,rir  co.h 

.  X  [ - 

m=o 


cosh  omb 


Km  sinh  ym<*m  Y 
*  - - - — 1  ,in  °mx 

Vm  co8h  Vmom  b 


«  Fn  sinh  0nx  +  Hn3„x  cosh  3„x  L„  sinh  6n3„x 

f  2L  f - ♦ - 

n=o  cosh  3na  6n  cosh  6n3na 


J  3ny 


(43) 


ao  ao 


Ip.  .  2  DP,  X  Z 


(-l)m+n@„(»m2*Bn2*IV) 


sin  a„j t  cos  ^y 


•vz 


m*0  n=°  («m  +  ^n  )(Dx°m  +  Vn  +  DxDy  > 


L  sr2-  /A  cosh  a„jr  coBhymamy 

+  h  2—  “m(Am - ♦  Bm  - )  »in  a^x 

m=o  cosh  a„f>  ym  cosh  Ymflmb 


Z_  sinh  8_x  sinh  6_0_x  . 

3n  (A„  - 2!_  ♦  B„ - - )  cos  3nY 

n -o  cosh  3na  cosh  6n3na 


(44) 


f  oo  ao 

JS.2DP.X  £ 


Hr*"  ^  ♦  Dy) 


m.o  n.o  (om2  *  0„2)  (Dxom2  *  Dy6„  2  ♦  D,Dy) 


cos  Ojjf.  sin  3ny 


IA  ,inh  amY  .  „  ,inh  Ym<»my  .  .  „  , 

^ch  y  °m  (Am -  +  ®m  - )  cos 

m<o  cosh  <rmb  cosh 


J5L  cosh  3nx  cosh  6b.3nx 

♦ch  3n  (An - - —  +  B„  ■ —  —  " — )  sin  0_y 

cosh  3n»  6ncosh6n3n* 


(45) 
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„m+n 


8.-DP,J  X<^> _ *  gn  ♦  Dy)  *  (D,- Dy)(l*v)gn^l  ,„.  „m.  .,„  ^ 


m=o 

n=o 

00 

+  h  y~  a 

(cA  m 

/  -  m 

m:o 

• 

(a2  +  B2)2(D  o2  +  Dfl2+DD) 
'  m  Hn'  '  x  m  yHn  xy 7 


(cA  m  -  Cm)  sinh  omy  -  Dmomy  cosh  omy 


cosh  OjjJa 

(cBmYm  -  Km)  sinh  ymom  y  1  ^2_  f(cAn~Fn  -Hn)cosh  0n*-Hn0nX  sinhftix 

+  h>  0j - - - 


Ymco8h  Vm°mb 


] 

-1-n‘n)  COBh  Mnx  1 

-  sin  0ny 

n  cosh  6n0na  J 


COS  ujjjX 


tTo  \ 


cosh 


(46) 


oo  oo 


np  -J-  t-  (-l)m*X[D,(l-“K«m*  Pn2  +  DJ-ID.-D  KHvlpJ] 

Y  B  -  DPj  2__  2L  - - - - -  *in  omx  cos  BnY 

m.°  n=o  («m2  *  @„2)2(Dx°m2  *  DVS„2  *  D.D,) 


.  (Am  ■  Cm  -  Dm)  cosh  otnY  *  Dm^iry  sinh  o^y 

+  h>  °m( - 

mao  cosh  o^b 

(Bm  -  KmYm)  co*h  Vm°my 


i  A  kV'o  /An-Fn)  *inh  ^nx-Hi^nx  co*h  ^nx 

]  sin  o^x  +  h>  Bn[ - - - 

Ym  co*“  Ym°m“  n=o  cosh  0na 


(Vn-g*W>^^,«  . 

+ - J  cos  pny 


6n  cosh  6n0n» 


(47) 


j  =  a  ♦  -L>  f  -2DP,h  t.  Z  _ 

2h  1  mto  («m2  *  *  V„2  4  D«Dy> 


(D»4Dy)(»m2  tgn2)-(l-v)D»Dy 

<0nf  4  »„2)2<Dx«m2  4  PyBn  +  “«“,l 


cos  o^x  cos  0ny 


.-2  2[i(|^M. 

m*o  u 


-  2(Cm4Dm)J  cosh  omy  -2Dmomy  sinh  o^y 


cosh  o^b 


((cYm+*)Bin-2Kmyrn)  cosh  Ymffmy 


Ymco-h  Vm°nf> 

2Hn&n*  *inh  ^nx  Kc*6n  )Bn“*l-n*nJ  co*h  4n3n* 


cosh  0n a 


6n  cosh 


1  co*  amx 

J  n*o  L 

5n)cosh6n3nX  “| 

— - co*  ^>y  ( 

4n^na  J  ) 


l+c)An-2(Fn*Hn))cosh0nx 


cosh  0n» 


(4«) 
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Determinations  of  Six  Parameters  Cm,  Dm,  Fn ,  Hn,  and  Ln 

in  the  Expression  of  Deflection  w  from  the  Six  Boundary  Conditions 

As  seen  from  the  expressions  of  the  complete  solutions  of  w,  TyE,  rxz,  3,  y,  r,  «rx, 
and  <Ty  given  in  the  proceeding  section,  the  problem  of  torsion  of  rectangular  sandwich 
panel  has  been  reduced  to  finding  the  six  arbitrary  constants  Cm,  Dm,  K,^  Fn,  Hn, 
and  L^.  These  six  constants  can  be  evaluated  from  the  following  six  boundary  condi - 
tions”of  the  sandwich  panel: 

(1)  The  requirement  r  =  0  at  y  =  +  b  gives 


B„  =  -v_A_ 
m  'm  m 

(2)  The  requirement  tX8  =  0  at  x  =  4.  a  gives 

®n  5  " 6n^n 

(3)  The  requirement  T  =  0aty  =  4b  gives 


(51) 


(52) 


1+c  Bm(cy_  4  1) 

*  °nt>  “”*>  «tnb)  ♦  ~ - “m  *  °  <53> 


m 


(4)  The  requirement  t  ■  0  at  x  »  4  a  gives 


^n-nt-H„(l  4  0na  tanh  3n*)  4  ( C±  -  L„  -  0 

2  26- 


(54) 


(5)  By  means  of  the  Fourier  sine  transform—  of  equation  (49)  and  (50)  it  can  be  shown 
that  the  requirement,  vx  =  0  at  x  :  4  a  gi/es 


Ifioth  sides  of  equation  (49)  are  multiplied  by  sin  3„y  and  integrated  from  0  to  b.  Both 
sides  of  equation  (50)  are  multiplied  by  sin  o^x  and  integrated  from  0  to  a.  The  fol- 
lowing  integrals  are  needed  for  these  operations. 


/. 


inh  qx  sin  sx  dx 


cosh  qx  sin  sx  -  s  sinh  qx  cos  sx) 


J 


x  cosh  qx  sin  sx  dx 


t  sinh  qx  sin  sx 
•4  s4 


«**  ■  cosh  qx  cos  sx 
qz4s‘ 


q^-s2  2qs 

-  ■  ■  cosh  qx  sin  sx  4  sinh  qx  cos  sx 

(qZ^)Z  (q24  s2)2 


I 
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00 


(-l)n[(«m+v3^)(Dxa^+EyQf  +  DxDy)  «•  2a^(Dx-Dy)J 


DP^ 


m=o 


(o^n2)  £<Dx«m+Dyf!n2*DxDy) 


*>  W 

= 2  Zf-')1 

b  m=o 


.m+n 


(ah)' 

m 


a'T^TTvtvn'Cm  *  TlP"!? —  -  (a  b  tanh  a  b  -  — ) 


Qm2+  0n2 


'  J7“  Km  ) 


Ymffm^n 


■’]-  <M)2 


)  tanh  0na-Hn0na 


,Z 

,  c-v  &_  -v  ,  1 

+  I  —  Bn  -TT^-TT - LnJ  tanh  Mna  J 


1-v  n  (1  -v)6n 


(55) 


and 


(6)  The  requirement,  <r y  =  0  at  y  =  _+  b  gives 

OP,h  ,.nm  Ht>°m^n)(Dxgm^Dygn^DxDy)^^m3n2(Dy-Dx)] 


n=o 


(“m*^)2(D^*D,0^DxDy) 


(ffmh) 


(1 -vc  2 

(— Am-Cm-— Dm) 

1-V  1-v 

oo  R  (— 

*fX(-i)m+W-  zii 

n=o  [_ 


1-vc 

tanh  ormb  -  Dmomb  +  [ - ~m 


1-v 


®"~”  “  KjJ  tanh  Ym°nib 


0-v)Yr 


} 


2  n2 
°m‘^n 


T^An-F^H,,)  H„0n 

- : - -  (0na  tanh  V  +  2  2  ) 

ot^+fti2  flrJ+3. 


2+fl  2 
mTPn 


o  /  l  -vc  ,  „  .  v6,?-l 
Pn(“T^v  ’ 


m  n 


c  C.Qt 

“m^’nPn 


L  )1 

n  n  1  •  v  H' 

^  “J 


(56) 


Solving  equations  (53)  and  (54)  by  using  equations  (39),  (40),  (41),  (42),  (51),  and  (52), 
gives 


(Ym_1){c[1  +  *'+Ym(l-‘')]*2}  cm 


m 


2(cYm-2Ym+c)-(Ym-1)(U<rmb  tanh  <»mb)  (cI1+v+Ym,l-*')]-2} 


(57) 


H 


(6j-0[(l-w)62-2c+l  +  vjFn 


2(6*-2c6  2+l)-(6{; -l)(l+0na  tanh  3na)((l-v)6„-2c+l+v] 


(5®) 


Substituting  expressions  (57)  and  (58)  into  expressions  (51),  (52),  and  using  equations 
(39),  (40),  (41),  (42).  gives 
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Km 


4Yr&-c)  Cr 


2^cYm"2Ym+c)_(Ym-00+<»m»>  a^jcll+v+v^l-v)]  -  2J 


(59) 


-4f£(l-c)Fn 


2(6j-2c62+l)-(62-l)(l+0na  tanh  0na)[(l-v)f£  *2c+l  +  v] 


(60) 


Substituting  equations  (57)  and  (58)  into  equations  (39  and  (41)  gives 

"•(Vm-1)  Cm 

Am  =  - 

2^cYm"2Ym+c)"(Ym-1)(l+«mt>  tanh  ormb)  Jc[1+v+y^(1- v)J  “  2) 


(61) 


A„  = 


-4(6„-l)Fn 


2(fiJ  -2c6^+l)  -  (62"l)(l+0„a  tanh  0na)[(l-v)6{;  -2c+l  +  v] 


(62) 


Equations  (51),  (52),  (57),  (58),  (59),  (60),  (61),  and  (62),  show  that  the  constants  Dm, 
Hn,  Kjy,,  Ln,  Am  An,  Bm,  Bn  can  be  expressed  in  terms  of  two  arbitrary  constants 
Cm  «nd  Fn. 

The  first  parts  on  the  right  side  of  equation  (55)  and  (56)  can  be  expressed  in  terms  of 
Cm  by  means  of  equations  (57),  (59),  (61),  and  (40). 

The  second  parts  on  the  right  side  of  equations  (55)  and  (56)  can  be  expressed  in  terms 
of  Fn  by  means  of  equations  (58),  (60),  (62),  and  (42).  Thus  equations  (55)  and  (56)  may 
be 'solved  for  Cm  and  Fn  in  terms  of  the  load  P  for  as  many  values  of  m  and  n  as  de¬ 
sired.  These  values  can  then  be  substituted  in  equations  (43),  (44),  (45),  (48),  (49), 
and  (50)  to  obtain  the  deflections  of  and  stress  in  the  sandwich  panel. 

M 

Determination  of  Torsional  Rigidity  ■jj- 


The  loads  acting  at  the  corners  of  the  sandwich  panel  form  a  couple  the  magnitude  of 
which  is 


T  ■  2Pb 

The  angle  of  twist  per  unit  length  is 


ab 


The  displacement  w  is  given  by  equation  (43). 

Thus  the  torsional  rigidity  can  be  expressed  as 

T  B  2Pab2 
•  w  I 

|x«a,  y*b 
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Conclusion 


The  results  of  the  foregoing  analysis  show  that  the  series  of  the  particular  solution 
obtained  by  the  present  method  converge  more  rapidly  than  those  found  in  Report  No. 
1871  (1}  and  the  series  of  homogeneous  solution  remain  essentially  the  same.  It  is 
expected  that  the  numerical  results  will  be  close  to  the  results  computed  in  Report  No. 
1871  (l). 
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1.  5-19 


Figure  1.  -  -Sketch  of  sandwich  panel. 
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